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Introduction

This document provides analytic expressions of rotor forces and flapping deriva-
tives.

The derivatives are first computed in rotor axis in non-dimensional forms
and then in body-axis in dimensional forms. The later represents the rotor
stability derivatives contribution for the dynamic of the gyroplane.
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fuselage incidence

rotor incidence relative to no-feathering plane
blade profil drag

lock number

non-dimensional rotor speed

non-dimensional angular rolling velocity
non-dimensional angular pitching velocity
non-dimensional velocity component along Yg axis
non-dimensional velocity component along Zs axis
inflow ratio

non-dimensional rotor induced velocity
advance ratio

rotor speed

air density

blade pitch at root

blade twist

blade lift slope

coning angle

longitudinal flapping coefficient

second order longitudinal flapping coefficient
tip loss factor

number of blade

lateral flapping coefficient

second order lateral flapping coefficient

blade chord

drag force normalized coefficient

rear force coeflicient

lift force normalized coefficient
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rotor torque coefficient

thrust coefficient

induced rear force coefficient

profile drag rear force coefficient

induced rotor torque coefficient

profile drag rotor torque coefficient

rotor drag

total rotor force along }75 axis equal H; plus H),
rotor induced force along Ys axis positive when opposite to Ys
rotor profile drag force along }75 axis positive when opposite to 175
rotor lift

angular rolling velocity

total rotor torque equal Q; plus @),

angular pitching velocity

rotor induced torque

rotor profile drag torque

blade radius

rotor force along Zg axis

aircraft velocity

aircraft velocity component along Ys axis
aircraft velocity component along Xp axis
rotor induced velocity

aircraft velocity component along Zs axis
aircraft velocity component along Zp axis

rotor force along Xp axis

rotor force along Zp axis



1 Rotor axis

Figure [1] shows the rotor axis and the rotor forces. U is the aircraft velocity,
T, H the rotor thrust and rotor rear force, L, D the lift and drag and «g the
rotor incidence relative to the no-feathering plane.

L

=

Z

T

D

- Y >
X 77

Figure 1: Rotor axis

Let us denote u and w the velocity coordinates along 175 and ZS. We can
write :

u=Ucosag (1)
w = —Usinag (2)
2 Non-dimensionalisation of the equations
The following reference quantities are use :

e the rotor speed 2 as the unit of angular velocity ;

e the rotor tip speed 2R as the unit of speed.

where R is the rotor radius.
Let us define the following non-dimensional quantities :

i=gn 3)
W= (4)
5
p=g (6)
i=g (7)
Q:%:1 (8)
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where v; is the rotor induced velocity, p the rotor axis roll rate and ¢ the
pitch rate.

3 Rotor derivatives in rotor axis

The computation of rotor derivatives in rotor axes consists to calculate deriva-
tives of :

22 )‘7 ap, ay, bl) az, b27 CTa CHpv CHi) Cva OQi> C}:, Cka (9)

with respects to :
4, w,p,q, (10)
where p is the advance ratio, A the inflow ratio, ag, a1, b1, as, bs the flapping
coefficients, Cr,Chp, Cui, Cqp, Cqi, respectively the thrust, profil drag rear
force, induce rear force, profil drag torque and induced torque coefficients and

7,C7 the normalized lift and drag force.
The scaling factor used to compute forces and torques coefficients are :

o pbcR3Q? for forces ;

o pbcR*Q? for torques ;

Note that :
op R
S 11
0~ P (11)
ok} R
1 _ 12
P q (12)

3.1 Aircraft velocity derivatives

The velocity U is such that :
U? = u? 4+ w? (13)

Differentiating equation with respect to u gives :

ou? oU
— =2U— =2 14
ou u ou “ (14)
Finally we get :
ou  u
= _ - 15
ou U (15)
The same way, differentiating equation with respect to w gives :
ou  w
= = 16
ow U (16)



3.2 Rotor disc incidence derivative

Differentiating equation with respect to ag gives :

— sin 045% = —ia—U
ow U? dw
As:
. w
sinag = T
we get :
das
ow  U?
Differentiating equation with respect to ag leads to :
das  w
ou  U?

3.3 Advance ratio derivatives

The advance ratio p is defined by the following expression :

_
"= QR

We get therefore the following derivatives :

ou
ou
op
ow
ou
a4
o
op
op

o "

3.4 Inflow ratio derivatives
The inflow ratio A is defined by the following expression :

w — v;

A= T0R

(27)



Differentiating gives the following derivatives :
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9 94
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(28)
(29)
(30)
(31)

(32)

Partial derivatives of A; depends on the induced velocity model used to
compute rotor induced velocity and will not be calculated in this document.

3.5 Second order longitudinal flapping angle derivatives

The expression of the ay coefficient is given by (see reference [I] equation

(1.150)) :
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3.6 Second order lateral flapping angle derivatives

The by coefficient is given by (see reference [I] equation (1.151)) :

- Y2 u? 128 1B7 P 20B3§
2=~ 558 {( 2B - —=
v4B® 4 144 B~2 3 w3y
5 8
5 goa 4 22 By + > BTp
TP 5B 0+ 5 B 0w}
Differentiating b gives :
by bo V2 u? 128 1

= - _B7 D
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20B% ¢ 550\
3 'y,u 9 Ou
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3.7 Coning angle derivatives

The ag coefficient is given by (see reference [1] equation (1.147) ) :

Differentiating ag gives :

dag 7,1 5 ud 3 u? 1 1p3 0N
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3.8 Longitudinal flapping angle derivatives

The expression of the a; coefficient is given by (see reference [I] equation

(1.148)) :
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3.9 Lateral flapping angle derivatives
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The b; coefficient is given by (see reference [1] equation (1.149)) :

4 1B* 1
b1 = 1 vy o 4 p 6
Bt + §M232

Differentiating by gives :
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3.10 Thrust coefficient derivatives

The value of the thrust coeflicient

Cr =

is :

T

pbcR3QO)2

Differentiating C7 with respect to 4, w, p, g, O gives :

ocr 1 9T
ot pbcR2Q du
ocr 1 9T
oW pbeR2Q dw
ocr 1 9T
op  pbcR3Q dp
ocr 1 T
0§  pbcR3Q dq
aCr 1 aT
o0 pbcR3Q 0a

—2Cr

The same relations apply on Cp;, and Cpy; coefficients.
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(69)

The expression of the Cp coefficient is given by (see reference [I] equation

(1.158)) :
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3.11 Rear force coefficient derivatives

The expression of the Cy, and Ch; coeflicient are given by (see reference [I]
equation (1.159) and (1.160)) :

1
CHPZ*&LL (76)
1 2 3 4 5 3
Cri= —{(753 A— fB 0o — fB Orw + 158702 — EB par)p
+ 133 5B B b
( 6 ag + ID as 16 pb1)q

+ 332 130 Bb 1329 A
(1 ar — B0y — S Buby — - whrw)

1 3 3 2 1 4 1 3
+ (gB ai + gB 1b2)0o + (EB ai + EB b2) Oy

S
+ (_EB b1 — §B pas)ag

Loy o Log o 1 1.3
+ ZB HCLO + ZB ,LLCLl — ZB bQ(Il + ZB blCLQ} (77)
Differentiating C'py, with respect to @ gives :

Crp 1
oa 1 (78)

Differentiating C'y, with respect to Q gives :

GCHP . 168/L

~ 79
o0 4 90 (79)

Differentiating Cpy; gives :
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3.12 Rotor torque coefficient derivatives
Expressions of rotor torque coefficients are :
_
Cor = perio? (85)
o
Coi = pbcRAQ2 (86)
Differentiating Cg, and Cg; with respect to u,w, p, g, Q gives :
0Cq 1 0Q
ot pbcR3Q du (87)
0Cq _ 1 @ (88)
ow  pbcR3Q Ow
0Cq 1 0Q
= — 89
op pbcRAQY Op (89)
0Cq 1 0Q
= — 90
04 pbcR*Q) Oq (90)
1
9 _ 99 _ 200 (91)

0O~ pbcR*Q 00

where Cg, Q) are either Cg,, @, or Cp;, Q;.

The values of the profile drag torque coefficients Cg, and Cg; are given by
the following expressions (see reference [1] equation (1.162) and (1.163)) :

1
Cap=g0{~8 = 8p” + '} (92)

Coi= —{K 22 +Kpp+K2q +qu+KA2)\ + KA+ Kgya2 + Ky, bo

+ K2ap + Kp2af + Kipbf + K} (93)
with
5 1
Ko=——u*+-B* 4
T TR (94)
4 pthy 1 1 1 1 1
K,=————+ _—B*%f —B3uby + -B3uby — -B* —u3\ 95
p 457r+8 MTW-I-6 M0+6 b2 1 a1+4ﬂ (95)
K= L a 134 96
2= 6@’“ T3 (96)
8 ptag 1 3 1 T,
K, =— -B — -B -B% 97
T ~|—6 paz = 3 uao+4 1 (97)
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Derivative of Cg, with respect to @ gives :

0Cqp
ou

Derivative of Cg, with respect to O gives :

0 CQP _
o0

Derivative of Cg; with respect to 4 gives :

1
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Derivative of Cg; with respect to Q gives :
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a0 37 % T30 Mg T 37 %

3.13 Rotor lift and drag derivatives

The lift and drag forces are given by :

L =Tcosag — Hsinag
D =Tsinag + H cosag

The normalized lift and drag force are defined by :

Differentiating theses coefficients with respect to u, w, p, g, Q gives :

i L
CL= pbcR30)?

. D
b= pbeR3Q)2

ac; 1 0L
ot pbcR2Q du
oc; 1 OL
o pbeR2Q dw
oC; 1 9L
op  pbcR3Q dp
ac; 1 oL
0§  pbcR3Q dq
ac; 1 L
0O pbcR3Q 09
and :
acy 1 9D
ot pbcR2Q du
aCy 1 9D
ow  pbcR2Q dw
ac; 1 aD
dp  pbcR3Q dp
oCy 1 aD
04 pbcR3Q dq
acs, 1 0D

. pbcR3Q 00
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(154)

(155)
(156)
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The relations between normalized lift, normalized drag force and thrust,

rear force coeflicients are :

C} = Crcosag — Cysinag

ChH = Crsinag + Cy cosag

Theses relations lead to the following derivatives :

802— L cosag — Crsin o das
ou  ou ST
— OCH sinag — Cy cos a 5
o § T HEAS
oCL = 9Cr Ccos g — —aCH sin av
op  0p 5T op S
80}5 = oCr cos g — A sin «v
i 04 57 704 S
aC:L :aC:T Ccos g — qH sinag — 2CT
o 00 o0
and
oCcy oCr . dag
90— o0 sinag + Cr cos ag 50
+ aC:H cosag — Cisinag 80{5
ot ot
8861:31) :3(90; sin ag + 78; COS (g
8(;3{';) :8865 sin ag + TQH Cos (g
aC:D :aC:T sinag + aCAH cosag — 2CT,
o 00 o0

3.14 Derivatives with respect to U and ag

(169)
(170)

(171)
(172)
(173)

(174)

(175)
(176)
(177)

(178)

The derivatives of forces and flapping have been computed with respect to 4 and
w. It is more convenient some times to compute the derivatives with respect to

U and ag.
We can write :

0 _00i, 000
oUu  0uoU = 0w oU

Definition of @ and w leads to :

0 1.0 0
ou ~U"on " Vow
The same way we get :
0,0 0
dag  Ou oW
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3.15 Derivatives with respect to 1 and w

Let us compute now derivatives with respect to p and w where the first is

calculated for constant g and the second for constant U :

9 0 oa L9 D
ow const.U a ot Ow const.U Ow const.u ow const.U

Let us denote x = sinag. From :

U = %\/1 — sin® ag

we get :
ot ;
— = ———tanc«
dr QR s
Therefore :
g > tan o 0 + 0 )
. = —tanoag—s= =~
8’(0 const.U au aw const.u
Furthermore :

) e ) ) )
6!” const.ag 8’1) a'u const.ag 871} const.u 8,u const.ag

Let us denote this time x = cosag. From :

U

W = QR 1 —cos? ag
we get :
ow _ U .
or QR 7
Therefore : 3
- = — + tanag A)
aM>const.ozs ou ow const.u

(182)

(183)

(184)

(185)

(186)

(187)

(188)

(189)

4 Force and rotor torque derivatives in fuselage axis

Fuselages axis X F and 7Z r are defined in figure

24



Figure 2: Fuselage axis

ap is the fuselage incidence.
Lest us define v/ and w’ the velocity coordinates in body axis. We get :

v = Ucosap (190)
w' = Usinap (191)

The computation of derivatives in body axis consists to calculate the deriva-
tives of :
X,7,Q (192)

with respects to :
u,w',q,Q (193)

where X and Z are respectively the rotor forces along X and Zp axis.
From figure [2| we can write :

1
X = 5(—u’D +w'L) (194)
1
Z=—(—w'D—/L) (195)
U
Let us denote A« :
Aa=ag—arp (196)
From :
u="U cos(ar + Aa) (197)
w = —Usin(ap + Aa) (198)

we can write at first order in A« :

u = u' cos Aa — w' sin Aa (199)

w = —w' cos Aa — u' sin Ac (200)
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and then we get :

% = cos Ax
885’ = —sin Ax
g;u/ = sin A«
SZ/ = —cos Aw

Differentiating L, D with respect to v/ and w’ gives :

O 0L pg O,
gi/' = —gi sin Ao — gicosAa
?)3:?)1; Aa—gismAa

25/ = %l; sin Ao — a—icosAa

4.1 X force derivative

(201)
(202)
(203)

(204)

(205)
(206)
(207)

(208)

Derivatives of X with respect to v/, w’, ¢, are computed from equation ((194))

and leads to :

8X u’ 1 aD

oxX w’ , , 1 ,0D
aw,——?)(uD—wL)—i—ﬁ(— 8w’+L+w
0X

1, ,0D 0L
90 T "9 T g
0X 1 ,0D , 0L
oo Yag Ty

)

0 o a0

4.2 7 force derivative

8L
W =) (209)
, OL
8w’) (210)
(211)
(212)

Derivatives of Z with respect to «/,w’, ¢,Q is computed from equation (195))

and leads to :

gj - g;(w'D L) — %( '% " %) (213)
gf, = g;(w’D +'L) — l(D + ’gﬁ + u’gj) (214)
= gl gD (215)
Lt
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4.3 Q torque derivative

Q derivatives are finally expressed as :

0Q  0Q 0Q .

5~ By °% Aa 5o S Aa (217)
0Q  0Q . oQ

S — gy S Ao — P < A (218)

References

[1] J. Fourcade : Calcul des caractéristiques aérodynamiques d’un rotor en
mouvement de translation rectiligne et rotation uniformes ; www.volucres.

fr|; <download>

27


www.volucres.fr
www.volucres.fr
http://www.volucres.fr/Autogire/resources/GyroRotor/GyroRotor.pdf

	Rotor axis
	Non-dimensionalisation of the equations
	Rotor derivatives in rotor axis
	Aircraft velocity derivatives
	Rotor disc incidence derivative
	Advance ratio derivatives
	Inflow ratio derivatives
	Second order longitudinal flapping angle derivatives
	Second order lateral flapping angle derivatives
	Coning angle derivatives
	Longitudinal flapping angle derivatives
	Lateral flapping angle derivatives
	Thrust coefficient derivatives
	Rear force coefficient derivatives
	Rotor torque coefficient derivatives
	Rotor lift and drag derivatives
	Derivatives with respect to U and S
	Derivatives with respect to  and 

	Force and rotor torque derivatives in fuselage axis
	X force derivative
	Z force derivative
	Q torque derivative


